Abstract. In this paper, we investigate the invertibility of generalized g-Bessel multipliers. We show that for semi-normalized symbols, the inverse of any invertible generalized g-frame multiplier can be represented as a generalized g-frame multiplier. Also we give several approaches for constructing invertible generalized g-frame multipliers from the given one. It is worth mentioning that some of our results are quite different from those studied in the previous literatures on this topic.
Introduction
In recent years there has been shown considerable interest by functional analysts in the study of Bessel multipliers as a generalization of the frame operators, approximately dual frames [7] , generalized dual frames [7, Remark 2.8 (ii)] and atomic systems for subspaces [10] . In fact, the study of this class of operators leads us to new results concerning dual frames and local atoms, two concepts at the core of frame theory.
The notions Fourier and Gabor multipliers were extended to ordinary Bessel multipliers in Hilbert spaces by Balazs [2] , p-Bessel sequences in Banach spaces by Balazs and Rahimi in [13] , von Neumann-Schatten setting [9] and continuous setting in [3] . In [14] , sufficient and/or necessary conditions for invertibility of ordinary Bessel multipliers have determined depending on the properties of the analysis and synthesis sequences, as well as the symbol. Later on, in [4] , Stoeva and Balazs have considered the representation of the inverse of an ordinary frame multiplier. Moreover, the invertibility of Bessel multipliers in a much more general setting has been considered by Javanshiri and his coauthor in [8, 9] .
On the other hand, Rahimi [12] introduced and studied the concept of Bessel multipliers for g-Bessel sequences in Hilbert spaces. Recall that, g-Bessel sequences as an interesting generalization of ordinary Bessel sequence were first considered by Sun [15, 16] . It seems to the author that the invertibility of g-Bessel multipliers has not been touched so far. The reader will remark that, g-frames are quite different from ordinary frames; For example, an exact g-frame in a Hilbert space is not equivalent to a g-Riesz basis, whereas an exact frame is equivalent to a Riesz basis. This guarantees that the study of g-frames and other related concepts is more complicated than that of ordinary frames in Hilbert spaces.
Our purpose here is to consider the representation of the inverse of an invertible gframe multiplier. For this purpose, we discuss a new result about the dual of g-frames.
Moreover, in the case where the symbols is semi-normalized, we show that the inverse of any invertible g-frame multiplier can always be represented as a g-frame multiplier with the reciprocal symbol and dual g-frames of the given ones. Finally, we investigate the matrix representation as well as the diagonalization of operators on a Hilbert space U with g-frames.
preliminaries
In this section we have collected some notations and results which are needed for the subsequent sections. Throughout the paper H and K are separable Hilbert spaces; I is a subset of Z and {K i } i∈I is a sequence of closed subspaces of K. The notation B(H, K i ) denotes the Banach space of all bounded linear operators from H into K i ; Id H denotes the identity operator on H; Λ and Γ are used to denote the sequences {Λ i } i∈I and {Γ i } i∈I with elements from B(H, K i ), respectively. Moreover, we assume that ℓ 2 (⊕ i∈I K i ) is the Hilbert space
with the inner product given by {x i } i∈I , {y i } i∈I = i∈I x i , y i . Now, let us recall from [] the definition of g-frame which includes the ordinary frames and many recent generalizations of ordinary frames. Definition 1.1. A sequence Λ is called a generalized frame or simply a g-frame for H with respect to {K i } i∈I if there are two positive constants A Λ and B Λ such that
We call A Λ and B Λ the lower and upper frame bounds, respectively. In particular, the sequence Λ is called a g-Bessel sequence, if only in (1.1) the second inequality holds.
If Λ is a g-Bessel sequence for H with respect to {K i } i∈I , then
denote the associated synthesis operator. Its adjoint T * Λ is called the analysis operator of Λ which can be obtained as follows T It is proved that Λ is a g-frame if and only if T Λ is a bounded operator which maps ℓ 2 (⊕ i∈I K i ) surjectively onto H. In particular, if Λ is a g-frame, its frame operator given
is a bounded and positive self-adjoint operator in B(H), the Banach space of all bounded operators from H into H. This leads to the following reconstruction formula
for all x ∈ H. As usual, the sequence Λ :
Λ } i∈I is called the canonical dual g-frame of Λ which is a g-frame for H with frame operator S Λ . Finally, we recall from [6] that for two g-Bessel sequences Λ and Γ and a bounded operator U :
Γ , is called generalized multiplier of g-Bessel sequences Λ and Γ with symbol U. Particularly, if for every j ∈ I, we define the operators π j and ι j as
where δ i,j denotes the Kronecker delta, then the operator M U,Λ,Γ enjoys the following representation
where u ij ∈ B(H j , H i ) defined by u ij (x j ) = π i Uι j (x j ) and U = [u ij ] is its matrix description. We observe that, if one restricts the set of diagonal operators U = diag{u i } i∈I with u i ∈ B(H i , H i ), then formula (1.2) becomes considerably simpler
Moreover, if for a weight m = {m i } i∈ ∈ ℓ ∞ (I) we consider u i :
which has been studied by Rahimi [12] and in a much more general setting by Javanshiri and Choubin in [9] , where, here, and in the sequel ℓ ∞ (I) has its usual meanings.
Some basic results on invertibility
We commence this section by a discussion of why the invertibility of multipliers with the form Eq. (1.3) is the main object of study of this paper. To this end, first let us to note that, on the one hand, it is not hard to check that the satisfying of g-Bessel sequences Λ and Γ in the lower g-frame condition are necessary for the invertibility of a generalized multiplier M U,Λ,Γ of the form Eq. (1.2). On the other hand, for given g-frames Λ and Γ there exists always infinitely many non-injective operators U ∈ B(ℓ 2 (⊕ i∈I K i )) such that the generalized multiplier M U,Λ,Γ = T Λ UT * Γ is invertible whereas the injectivity of the operator
was a very useful tool in the study of invertible ordinary Bessel multipliers, see for example []. Indeed, it suffices to set
). This shows that there is too much freedom in the choice of the operator U in Eq. (1.2) and it seems reasonable to work with particular classes of multipliers of the form Eq. (1.3). Hence, in what follows U refers to an operator in B(ℓ 2 (⊕ i∈I K i )) which has the matrix description defined by diag{u i } i∈I and
Moreover, the letter semi-normalized is used for U whenever in addition to the invertibility of each u i (i ∈ I) the operator D U is also boundedly invertible, that is, the operator
It is worth mentioning that if M U,Λ,Γ is invertible for some g-Bessel sequence Γ, then routine calculations show that the g-Bessel sequences Λ, Γ, UΓ := {u i Γ i } i∈I and UΛ := {u * i Λ i } i∈I must satisfy in the lower g-frame condition. Our starting point is the following result which for fixed g-Bessel sequence Λ and symbol U characterizes all possible g-Bessel sequence Γ that participate to construct invertible generalized multiplier M U,Λ,Γ . Proposition 2.1. Let Λ be a g-Bessel sequence for H with respect to (K i ) i∈I and let U be a bounded operator on ℓ 2 (⊕ i∈I K i ). The following assertions hold.
(1) The g-Bessel sequences that participate to construct invertible generalized multipliers with g-Bessel sequence Λ and symbol U are precisely the sequence Γ satisfying
where
and T is an invertible operator in B(H). (2) The g-Bessel sequence Γ participates to construct invertible generalized multipliers with g-frame Λ and symbol U for which the analysis operator of UΓ obtains the minimal norm if and only if
Proof. The backward implication of (1) being trivial, we give the proof of the direct implication only. To this end, suppose that Γ is a g-Bessel sequence such that M U,Λ,Γ is invertible. Put T = M U,Λ,Γ and define the operator Φ :
Then we observe that
Λ T = 0, and this completes the proof of (1).
In order to prove (2) it suffices to show that for any g-frame Γ which satisfies in 2.1 we have
and
Λ T } i∈I is the unique g-frame for which
where T = M U,Λ,Γ . To this end, by definition, we observe that
It follows that 1
On the other hand, we have
From this, by equality x ≤ T −1 T * x , we deduce that
This together with (2.2) implies that
In order to prove that Γ 0 is the unique g-frame for which
we first make use of Douglas' Theorem for surjective operators T Λ and T and find that there exists a unique operator R :
particularly, we have
On the other hand, an argument similar to the proof of [16, Lemma 2.1] shows that if x has a representation T x = i∈I Λ * i x i for some sequence
It follows that R = T * U Γ 0 and thus
We have now completed the proof of the proposition.
Next we turn our attention to the characterization of g-frames Λ that participate to construct invertible generalized multiplier M U,Λ,Γ for given g-frame Γ and certain symbol U. Here it should be noted that the class of symbol U satisfying the property of the next result is quite rich. It contains for instance all positive semi-normalized sequence {u i } i∈I ⊂ B(K i ) and positive semi-normalized scaler sequence {m i } i∈I ⊂ (0, ∞) as well.
Proposition 2.2. Let Γ be a g-frame for H with respect to {K i } i∈I and let U be a bounded operator on ℓ 2 (⊕ i∈I K i ). Assume also that the sequence V = {v i } i∈I ⊂ B(K i ) is such that 
Proof. That M U,Γ,Γ is invertible follows from the fact that it equal to the frame operator of g-frame V Γ. Now, suppose that M U,Λ,Γ is invertible and take Ψ = T Λ and T 1 = T 2 = M U,Λ,Γ , then we observe that
Conversely, suppose that Λ is a g-frame for which
where Ψ is an operator in B(ℓ 2 (⊕ i K i ), H) and T 1 , T 2 ∈ B(H) are invertible operators.
Then we have
It follows that M U,Λ,Γ is invertible.
The proof of Theorem 2.4 below which characterizes the invertibility of generalized g-Riesz multipliers relies on the following proposition. Proposition 2.3. Let Λ be a g-Bessel sequence for H with respect to (K i ) i∈I and let U be a bounded operator on ℓ 2 (⊕ i∈I K i ) which is also semi-normalized. Then the equality of the excess of g-frame Γ with the excess of Λ, that is, dim(ker(T Γ )) = dim(ker(T Λ )) is necessary for Γ to participate to construct invertible g-Bessel multipliers with g-frame Λ and symbol U.
Proof. If we define
V : ℓ 2 (⊕K i ) −→ ℓ 2 (⊕K i ) by V {x i } i∈I := (Id ℓ 2 (⊕ i K i ) − T * Γ M −1 U,Λ,Γ T Λ U){x i } i∈I , then
it is not hard to check that ran(V ) = ker(T Λ U)
On the other hand, using the equality
and the equality T Λ UT *
Hence,we have
Similarly, if we define
We have now completed the proof of proposition.
The following result completely characterizes the invertibility of generalized multiplier M U,Λ,Γ when one of the sequences is a g-Riesz basis.
Theorem 2.4. Let Λ be a g-Riesz basis for H with respect to {K i } i∈I and let U be a bounded operator on ℓ 2 (⊕ i∈I K i ). Then the following assertion hold.
(
1) If U is semi-normalized, then M U,Λ,Γ is invertible if and only if Γ is a g-Riesz basis. (2) If Γ is a g-Riesz basis, then
(a) the mapping
then we have
Proof.
(1) First note that by Proposition 2.3 the invertibility of M U,Λ,Γ together with the fact that U is semi-normalized, we have
From this, we can deduce that ker(T Γ ) is isomorphic to ker(T Λ ) = {0}. It follows that the operator T Γ is injective and thus it is invertible. This means that Γ is a g-Riesz basis. By biorthogonality of the sequences Λ, Λ and Γ, Γ the backward implication is trivial. In fact, M U −1 , Γ, Λ is the inverse of M U,Λ,Γ . To prove part (a) of (2), suppose that
We now invoke the surjectivity of the operator T * Γ to conclude that there exists x ∈ H for which T * Γ (x) = {x i } i∈I . It follows that UT * Γ (x) = 0 whereas T Λ UT * Γ (x) = 0. Hence, we have
This means that 0 = UT * Γ (x) ⊥ ran(T * Λ ) = H which is a contradiction. Now suppose that M U,Λ,Γ is invertible, then we observe that
This together with part (1) and its proof proves parts (b) and (c). Finally, in order to prove part (d) of (2), suppose that ξ i 0 is an arbitrary element of {ξ j } j . The surjectivity of the operator T * Γ implies that there exists x 0 ∈ H such that T * Γ (x 0 ) = ξ i 0 . Hence, we have
and thus
We conclude this section by the following two results on the representation of the inverse of a generalized g-frame multiplier. The first one looks for a unique dual g-frame Γ
† of Γ such that for any dual g-frame Λ d of Λ the inverse of M U,Λ,Γ can be represented using the diagonal operator
U,Λ,Γ is again a generalized g-Bessel multiplier. The second one investigates invertible generalized g-frame multipliers M U,Λ,Γ whose inverses can be written as M U −1 , Γ, Λ .
Theorem 2.5. Let Λ and Γ be g-frames for H with respect to {K i } i∈I and let U be seminormalized. If M U,Λ,Γ is invertible, then there exists a unique dual g-frame
Proof. The existence of Γ † follows from the fact that
and we get
d of Λ as a consequence. Let us now prove the uniqueness of Γ † , which is the essential part of the theorem. To this end, suppose that Γ ‡ is another dual g-frame of Γ for which M −1
we would have the following equality
for all dual g-frame Λ d of Λ. From this we deduce that (U −1 ) * T * Γ † = (U −1 ) * T * Γ ‡ and thus the invertibility of U implies that Γ ‡ = Γ † . Indeed, if for arbitrary x in H we set
and thus T Λ {x i − y i } i∈I = 0. If now for arbitrary {z i } i∈I ∈ ℓ 2 (⊕ i K i ) and a fixed e ∈ H with e = 1 we define
then we observe that
is a dual g-frame of Λ. This means that
and therefore we should have {x i } i∈I = {y i } i∈I .
Having reached this state it remains to find conditions guaranteeing the equality of Γ † with Γ. This is the subject matter of the next result. 
Proof. The implication (3)⇔(4) is proved in Proposition 2.1. Let us first prove that (1)⇒(2). To this end, suppose that Γ † is the unique dual g-frames of Γ for which Γ to conclude that Finally, the proof will be completed by showing that (3)⇒(1). To do that, just noting that this is nothing more than routine calculations.
Some approaches for constructing invertible generalized multipliers
In this section, we present some approaches for constructing of invertible generalized multipliers from a given one. In this respect, we first recall the following perturbation condition from [11] . Proof. First note that Theorem 3.5 of [11] implies that Λ ′ is a g-frame for H with lower
Moreover, it is not hard to check that the sequence UΛ is a g-frame for H. Hence, we have
Hence, we observe that
On the other hand, by the Open Mapping Theorem, one can conclude that there are constants a, b > 0 such that a < U < b and thus
, then Γ ′ is a λµ-perturbation of Γ and particularly
This completes the proof.
The next result shows that in Theorem 3.2 above our choice of Γ ′ turns out to be perfect in terms of best approximations with respect to the norm X F := T X op , where X = {X i } i∈I is in gF (H), the set of all g-frames in H, whenever M U,Λ,Γ is invertibe g-frame multiplier. U Λ + π i Ψ and T U Λ Ψ = 0. Hence, the equality ℓ 2 (⊕ i K i ) = R(T * U Λ ) ⊕ ker(T U Λ ), implies that Ψ * {x i } i∈I = Ψ * (P R(T * U Λ ) {x i } i∈I + P ker(T U Λ ) {x i } i∈I ) = Ψ * P ker(T U Λ ) {x i } i∈I ,
for all {x i } i∈I ∈ ℓ 2 (⊕ i K i ). Moreover, we see that
Now by equality
we have
